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For every odd prime P > 2, denote by ‘S(P), the multiplicative group of the 
residue classes (mod P) relatively prime to P, and let G be any subgroup of 
X(P) distinct from R(P) itself. Then, using several arithmetic properties of the 
Bernoulli numbers, it is proved that there exist infinitely many of those irre- 
gular primes which are not contained in any of the residue classes belonging to G. 
1. INTRODUCTION 
Let B1 = -4, B2 = +, B, = 0, B, = - l/30, B, = 0 ,... be the Bernoulli 
numbers (in the even suffix notation). Then, an odd prime p is said to be 
regular if it does not divide the numerator of any of the Bernoulli numbers 
B, , B, ,...> Bpe3 ; otherwise it is said to be irregular. 
The problem whether the number of regular primes is finite or infinite 
has attracted the interest of many mathematicians since E. E. Kummer 
verified [5] the Fermat conjecture for all regular prime exponents in 1850. 
As only a few irregular primes were known to exist at the time of Kummer’s 
proof, H. S. Vandiver with several collaborators projected to list the 
irregular primes and determined all of the irregular primes less than 4002 
in 1954 and 1955 [7, 12, 151. 
On the other hand, E. E. Kummer in 1874 [6], K. Hensel in 1910 [3] and 
C. L. Siegel in 1964 [13] gave their distinct conjectures as follows: the ratio 
of the number a(x) of irregular primes to the number /3(x) of regular primes 
less than or equal to x(>3) tends to + (Kummer), 1 (Hensel) or 
ellz - 1 + 0.6487 (Siegel), respectively, as x tends to infinity. 
It is still unknown whether there exist infinitely many regular primes, 
but in 1915 K. L. Jensen proved first [4] (see also [16]) that there exist 
infinitely many irregular primes of the form4n + 3, andin 1954. L. Carlitz [ l] 
gave a simpler proof of the weaker result that the number of irregular 
primes is infinite. Furthermore, in 1965 H. L. Montgomery [9] proved 
a stronger result that for every integer T > 2 there are infinitely many 
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irregular primes which are not of the form mT + I, and in 1971 T. 
Metsankyla [8] generalized this as follows: For every integer T > 4, 
(#6), there are infinitely many irregular primes + &I (mod T). 
2. THEOREM 
In this note, we shall show the following theorem, which is partly a 
generalization of these results, by means of improving the method of 
Montgomery’s proof: 
THEOREM. For every odd prime P > 2, denote by %(P) the muiti- 
plicative group of the residue classes (mod P) relatively prime to P, and let 
G@(P)) be any subgroup of ‘S(P) distinct from S(P) itself: Then, there 
exist infinitely many of those irregular primes which are not contained in 
any of the residue classes belonging to G. 
3. PRELIMINARY RESULTS 
In advance of the proof, we shall summarize, without proof, several 
arithmetic properties of the Bernoulli numbers which we will use to prove 
our the0rem.l 
THEOREM 1. For all integers n > I, B2n+l = 0 and sgn Bzn = (-1),-l. 
THEOREM 2 (von Staudt-Clausen). For every positive integer n, there 
is an integer G(n) such that 
& = G(n) - (+ + i + --. + $), 
where II , lz ,..., 1, are precisely those distinct primes for which 2n = 0 
(mod I, - 1) (i = 1, 2 ,..., r). 
THEOREM 3 (E. E. Kummer). If 1 is an oddprime and n1 , n2 are positive 
integers such that 2n, z 2n, f 0 (mod I- I), then B,,,/n, = Bzn,Jnz 
(mod I). 
THEOREM 4 (J. C. Adams). Let Bzn = Nzn/Dzn be the Bernoulli 
numbers in lowest terms, that is (Nz, , Da,,) = I, with D,, > 0, and I be 
1 For proofs see, e.g., [lo, 141; cf. also [17]. 
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an oddprime such that n = 0 (mod I”) and Dzn + 0 (mod I), then Nz, = 0 
(mod I”). 
THEOREM 5. For any positive integers n and t, set S,,(t) = C”,z’, kzn, 
then Nz, * t = D,, . S.&t) (mod t2). 
Moreover, the following lemma will be used in conjunction with 
Theorem 5 to determine congruence properties of N2, when those of Dzn 
are known: 
LEMMA (H. L. Montgomery).2 If P is an odd prime and k = I 
(mod P(P - 1)) then S,,(P) = (P/6) (mod P”). 
4. PROOF OF OUR THEOREM 
Let Pl 1 P2 I*.-> pS > 5, (0 < s < co), be s distinct (irregular) primes. 
Then, in the following we will show the existence of an irregular prime P$+~ 
distinct from p1 , p2 ,..., ps , P and not contained in any of residue classes 
(mod P) belonging to G (in such a case, from now on, we shall say simply 
that ps+I is not contained in G and write psfl $ G). 
First of all, we will determine an integer m’ for which Bernoulli number 
B,,t has desirable denominator D,,, . If we put 
M = P(P - l)(p, - 1) -0. (p, - 1) = Ph * M, , 
where M0 is not divisible by P, and choose by well-known Dirichlet’s 
theorem3 a prime I satisfying 
I = - l(mod 12&&J, l#G and 1 # p, (1) 
then we get readily 1 >, 5 because A&, is even. Now, set m = (I - 1)/2; 
then by Theorem 2 (von Staudt-Clausen) 1 appears in the denominator 
Dzm of Bernoulli number Bznz , and m is odd because from 1 = - 1 (mod 4) 
we get 2m = I - 1 E -2 (mod 4). Hence, we may choose the least 
prime I’ in D,, such that 
1’ 3 5, (22, 3), 1’ $ G, and 1’ # P. 
Set m’ = (I’ - 1)/2 again; then 1’ appears similarly in D,, , m’ divides m, 
and m’ is also odd. For, by Theorem 2 we get 2m 3 0 (mod 1’ - 1 = 2m’). 
p For the proof, see 191. 
*Cf. eg., [2, 111. 
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Using this fact, we can show that all the primes in Dzm, are contained in 
the set of those primes in D,, which are less than or equal to I’, that is, 
I’ E {prime in D2,,} _C {prime in D,, < a}. 
In fact, for any prime p in D,,, p - 1 divides 2m’, and so divides 2m, 
from which it follows that p divides D,, . On the other hand, from 
I’-1=2m’>p-lwehavep<I’. 
Thus, the only primes in D,,, which are not contained in G are I’ and 
at most 2, 3. Consequently, we may write 
D 2n’ = 6 *a’r, 
where 01 is divisible only by primes contained in G, and hence especially a 
itself is also contained in G, while 1’ = 2m’ + 1 > 5 is not contained in G. 
Next, we will determine an integer n (= m’ * q) for which Bernoulli 
number B,, has the denominator D,, = D,,, and the desirable numerator 
N2n . Let dl , d, ,..., d, be all divisors of m’, and let I1 , I, ,..., I, be r distinct 
primes satisfying Ii > I’ * 3M, (i = 1, 2,..., r). Then, we consider the 
simultaneous congruences 
m’.qz 1 (mod 31’M), 
2di * q E -1 (mod li2), (i = 1, 2 ,..., r). 
(2) 
Since m is odd and 1 = - 1 (mod 12M,) by (l), m is relatively prime to 3M. 
Consequently, we see that m’ is relatively prime to 31’M because m’ is 
relatively prime to 1’ and divides m. Also, 2di is relatively prime to Zi 
because 2di < 2m’ = I’ - 1 < I’ < Ii and I, is prime. Furthermore, it 
follows from the choice of Ie that the moduli of (2) are pairwise relatively 
prime. Thus, there exists a solution q to the simultaneous congruences (2), 
which is unique modulo the product 31’A4171i2 of the moduli, and since 
this solution is obviously relatively prime to the product 31’MIIl~2, by 
Dirichlet’s theorem we may assume that this solution q is prime. 
Now, we put n = m’ . q and consider D2,, . The divisors of 2n are 
{di}, {24}, (4 . 41, (24 * q>, (i = 1, 2 ,..., r). (3) 
If we add 1 to each number in (3), then the prime factors of di + 1, 
2di + 1, (i = 1, 2 ,..., r) are precisely those of Dzm* , and 
dc*q+ 1 =O(mod2), 2di * q + 1 = 0 (mod li2), (i = 1, 2,..., r) 
by (2). Therefore, by Theorem 2 we know easily D,, = D2,, , and hence 
we have 
D,, = 6 . 01 . I’, (I’ 4 G 01 E G), (4) 
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where ~1 should satisfy the additional condition that every prime dividing 01 
is contained in G. 
Next, we consider the numerator Nz, . If we put t = P in Theorem 5, 
then we get immediately 
N 2n . P = D,, - &,(P)(mod P). 
On the other hand, since we have n = 1 (mod P(P - 1)) by (2), 
Montgomery’s lemma assures us S,,(P) = (P/6)(mod P”). Therefore, 
from (4) we obtain 
N2n 3 a * I’ (mod P). (5) 
Here, in virtue of 01 E G and 1’ 6 G, we get Ntn 4 G. Furthermore, N,, 
is never divided by P. For, if we assume Nz,, = 0 (mod P), then we get 
c1 9 1’ = 0 (mod P) by (5). On the other hand, since 01 E G, namely 01 + 0 
(mod P), we obtain I’ = 0 (mod P), and so I’ = P. However, this gives 
us N,, = D,, = 0 (mod P), which contradicts the assumption that Nzn 
and D,, are relatively prime. 
After L. Carliti a prime divisor of the numerator of B,,,/m is called 
a proper divisor of B,,, , and all other prime divisors of B, are called 
improper. By using Theorem 3 (Kummer) it is easily proved6 that an odd 
prime I is irregular if and only if I is a proper divisor of some Bernoulli 
number. 
We propose here to eliminate the improper divisors of B,, . Theorem 4 
(Adams) assures us the decomposition n = n, - n2 such that n, and n2 
are relatively prime, n, divides Nz, , and every prime in n2 appears in D,, . 
Therefore, the numerator of B.,& is equal to NSn/n, and Theorem 1 
together with (2) assures us that Nz,Jn, is a positive integer. On the other 
hand, in virtue of n = 1 (mod 61’), any of primes 2,3, I’ in Dzn = 6 * 01 . I 
do not appear in n, and hence in particular do not appear in n2 either. 
Therefore, any prime in n, appears in 01, and so we know n2 E G. Also, n 
is contained in G because of n = 1 (mod P). Hence, we get n, = n/n2 E G. 
Consequently, we know that the numerator N2,Jn, of B2,/n is positive and 
relatively prime to P, and is not contained in G. 
Thus, there exists at least one primep,,, in N2,Jn, which is not contained 
in G. If ps+l is such a prime, then ps+l is a proper divisor of B,, , and hence 
it is an irregular prime distinct from P. 
In order to complete our proof, we will show that ps+I is distinct from 
PI 7 P2 >‘..? Ps * From (2) we get 2n = 2 + 0 (mod pi - l), (i = 1,2 ,..., s), 
4 Cf. [l]. 
5 Cf. [l] or [9, Lemma 11. 
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at once, which is the assumption of Theorem 3. Therefore, we may apply 
Theorem 3 to obtain 
B&z - B,/l = 4 = 0 (mod&, (i = 1) 2 )...) 3). 
Together with B&z = 0 (modp,,,) this assures us that the irregular 
prime ps+l $ G is distinct from p1 , pz ,..., ps . Thus, our theorem was 
completely proved. 
REFERENCES 
1. L. CARLITZ, Note on irregular primes, Proc. Amer. Math. Sot. 5 (1954), 329-331. 
2. L. E. DICKSON, “Modem Elementary Theory of Numbers.” University of Chicago 
Press, Chicago, 1939. 
3. K. HENSEL, “Festschrift zur Feier des 100 Geburtstages E. Kummers 1910.” 
Gedachtnisrede auf E. E. Kummer. 
4. K. L. JENSEN, Om talteoretiske Egenskaber ved de Bernouliiske Tal, Nyt Tidsskrift 
Math. 26 (1915), 131-146. 
5. E. E. KUMMER, Algemeiner Beweis des Fermatschen Satzes, dass die Gleichung 
x1 + y’ + z& durch ganze Zahlen unliisbar ist, fiir alle diejenigen Potenzexponenten 
I, welche ungerade Primzahl sind und in der Zahlern der ersten a([--- 3) Bernoul- 
lischen ahlen als Factoren nicht vorkommen, J. Reine Angew. Math. 40 (1850), 
93-138. 
6. E. E. KUMMER, uber diejenigen Primzahlen h, fiir welche die Klassenzahl der aus h 
ten Einheitswurzeln gebildeten complexen Zahlen durch h teilbar ist, Berl. Monats. 
(1874), 239-248. 
7. D. H. LEHMER, E. LEHMER AND H. S. VANDIVER, An application of high-speed 
computing machines to Fermat’s last theorem, Proc. Nat. Acud. Sci. U.S.A. 40 
(1954), 25-33. 
8. T. METSKNKYLX, Note on the distribution of irregular primes, Ann. Acad. Sci. 
Fem. A. I. 492 (1971), l-7. 
9. H. L. MONTGOMERY, Distribution of irregular primes, Illinois J. Math. 9 (1965), 
553-558. 
10. N. NIELSEN, “Trait& Elkmentaire des Nombres de Bernoulli.” Paris, 1923. 
11. A. SELBERG, An elementary proof of Dirichlet’s theorem about primes in an arith- 
metic progression, Ann. ofMath. 50 (1949), 297-304. 
12. J. L. SELFRIDGE, C. A. NICOL, AND H. S. VANDIVER, Proof of Fermat’s last theorem 
for prime exponents less than 4002, Proc. Nat. Acad. Sci. 41 (1955), 970-973. 
13. C. L. SIEGEL, Zu zwei Bemerkungen Kummers, Nuchr. Akad. Wiss Giittingen Nr. 6 
(1964), 51-57. 
14. J. V. USPENSKY AND M. A. HEASLET, “Elementary Number Theory.” McGraw-Hill, 
New York, 1939. 
15. H. S. VANDIVER, On Bernoulli’s number and Fermat’s last theorem, Duke Math. J. 3 
(1937), 569-584. 
16. H. S. VANDIVER, Is there an infinity of regular primes? Scripta Math. 21 (1955), 
306309. 
17. H. S. VANDIVER, On developments in an arithmetic theory of Bernoulli and allied 
numbers, Scripta Math. 25 (1961), 273-303. 
